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Abstract.

The technique of estimating wildlife population size and density using the belt or

line-transect sampling method has been used in many past projects, such as the estimation of density
of waterfowl nesting sites in marshes, and is being used currently in such areas as the assessment
of Pacific porpoise stocks in regions of tuna fishing activity. A mathematical framework for line-
transect methodology has only emerged in the last 5 yr. In the present article, we extend this mathe-
matical framework to a line-transect estimator based upon a log-linear model approach.
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INTRODUCTION

Let a region of known area A contain an unknown
number, N,, of animals. Let a rectangular strip of
length L and width 2w be placed at random within
the area A. The transect strip itself has area 2Lw
and contains an unknown number, N, of animals.
An observer walks along the center line of the tran-
sect strip (for a distance of L miles) and records n,
the number of animals observed, and Z,, Z,, . . . , Zy,
the right-angle or perpendicular distances of the ob-
served animals from the center line of the transect.
(It will be immaterial whether an animal is seen to
the left or the right of the center line, so that dis-
tances are absolute and 0 < Z;<w for j=1, 2,

., n. Animals seen beyond the boundaries of the
transect strip are not recorded.)

Based on the data collected, an estimator N of N
is constructed, and then an estimator N, of N, is
given by N, = (A/2Lw)N. If D is the density of ani-
mals in the region, a simple estimate of D is of the
form D = N/2Lw.

The totality of assumptions made in this article fol-
lows exactly the treatment of Burnham and Ander-
son (1976). The reader may wish to refer to that paper
as well as some of the other references listed on line-
transect sampling. The main assumption is that ani-
mals are independently and uniformly distributed over
the region (and hence throughout the transect strip).
Finally, we remark that the term ‘‘animals’ is being
used in a very loose sense, since the observer may be
counting almost anything that meets the assumptions
given in Burnham and Anderson (1976), such as big
game animals, plants, birds, waterfowl nests, winter-
killed deer, etc.

1 Manuscript received 4 November 1976; accepted 31 May
1977.

By way of example, Anderson and Pospahala (1970)
presented data on waterfowl nests gathered on the
Monte Vista National Wildlife Refuge, Colorado,
during 1967-1968. Approximately A = 4,047 hectares
of the refuge were sanipled by the line-transect meth-
od. Transect strips 4.88 m wide were conducted for
a total length of 2,574.4 km. Thus L. = 2,574.4 km and
w = 2.44 m.

A grand total of n = 534 waterfowl nests were ob-
served within the transect strips. Perpendicular dis-
tances were measured and the data were grouped as
follows. The interval [0,8] was partitioned into sub-
intervals [0,1], [1,2], . . ., [7,8]. The number of class
counts for these intervals (in order) were 74, 73, 79,
66, 78, 58, 52, 54 respectively. Note that the data
tend to decay or drop off away from the center line
of the transect strip. This example and other similar
data sets lead to the following general formulation.

Under the Burnham and Anderson (1976) frame-
work (see also Gates et al. [1968]), there is a func-
tion g(x) which quantifies the increasing difficulty of
seeing animals which are farther and farther away
from the center line of the transect. More precisely,
g(x) is given by

g(x) = Pr (observing an animal | its perpendicular
distance from center line is x), 0 < x <Xx.

It is assumed that g(x) is monotone nonincreasing
over [0,w], that g(x) is a positive, continuous funtion,
and furthermore that g(0) = 1.

Burnham and Anderson (1976) show that the right-
angle distance measurements Z,, Z,, . . . , Z, may be
regarded as independent, identically distributed ran-
dom variables with (common) probability density
function f(z) given by

f(z) = g@/pw, 0 <z < W,
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where

M = f : g(u)du.

For a randomly selected animal in the strip, the
probability that the animal will be observed is g, where

g= l/wf g(x)dXx = py/w.
0

Another notation for g is P,, = u/w. Notice also that
g = E[g(X)], where X is distributed as uniform [0,w].

Now the following equations lead to natural esti-
mates of N and D:

E(n) = NP, = Ng = Npy/w,

f(0) = g(0)/pw = Vpw
(because g[0] = 1 by assumption),

N = wEn)/u,, = WE)f(0),
D = N2Lw = E(n)/2Lu,, = [E(n)f(0)]/2L.

Thus, as given in Burnham and Anderson (1976), we
have

N = wnf(©) and D = nf(0)2L.

In this article, T(0) is an estimator of f(0), the prob-
ability density function (pdf) f(z) of Z (observed right-
angle distance) evaluated at z = 0.

It should be noted that f(z) is mot uniform [0,w],
but rather f(z) = g(z)/uw, 0 < z < w, because it refers
only to animals that are observed. Because f(z) is pro-
portional to g(z), and g(z) is nonincreasing, then f(z)
is nonincreasing. This, in turn, implies that f(0) = 1/w,
because 1/w is the average value of f(z) over [0,w].

The method of this paper is to develop an estimate
g(x) of the function g(x), and hence obtain estimates
of f(0), g, and u,. The method used is a log-linear
model approach. Gates et al. (1968) study the cen-
susing of grouse populations and assume the paramet-
ric form g(x) = exp(—Ax), A > 0. Anderson and
Pospahala (1970) study waterfowl nests and present
data which is well described by taking g(x) =
explq(x)], with gq(x) a quadratic polynomial. Amman
and Baldwin (1960), in studying woodpeckers, find
g(x) to be constant. All of these, and other data sets
we have seen, can be fitted with the model to be pro-
posed below.

THE MODEL AND ESTIMATION

Assume that g(x) has the exact (or perhaps ap-
proximate) analytical form

g(x) = exp(a + bx + ¢cx?), 0<x<w.

Because g(0) = e = 1 by assumption, we take a = 0.
If ¢ = 0 we have the exponential model. If b = 0 we
have the shape of a half-normal curve. And ifb = ¢ =
0 we get g(x) = 1 over [0,w].

The rationale for the above model is as follows.
By the physical nature of the problem, it seems rea-
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sonable to conjecture that: (1) g(0) = 1; (2) gx) is
monotone nonincreasing over [0,w]; (3) g(x) is posi-
tive; and (4) g(x) has either zero or 1 inflection point.
The above model accommodates all of these proper-
ties, and gives a form for g(x) that is conceptually
and analytically simple and convenient. In addition,
g(x) can be made either concave or convex by proper
choice of a and b.

Now, as with the waterfowl nest data of Anderson
and Pospahala (1970), assume the interval [0,w] has
been partitioned into k subintervals I;, I, . . ., Ix of
equal width w/k, so that

LG - Dwkgwk], j=1,2,....k

Let n; be the number of animals seen in the transect
strip whose perpendicular distance from the center
line of the transect falls into I;,j = 1,2, ..., k. Then
n = n; + n, + -+ ngis the total number of animals
observed in the transect strip, and N = n + (N — n)
is the total (unknown) number of animals in the tran-
sect strip, including both observed and unobserved
animals.

The joint distribution of (A, fi, . . . , fix, N — A) is
multinomial with parameters N and p;, Pz, - - - , Pk> Pk+1
given by

pj=gj/k, j=],2,...,k,

where §; = average value of g(x) over Ij (see below),
and

Pt = 1 = [@/K) + (8/k) +--- + (8K
=1-8.
Recall that § = (1/w) fw g(x)dx is the average value
0

of g(x) over [0,w]. The quantity g; is defined to be the
average value of g(x) over [;, or

g; = (length of Ij)“( f ) g(X)dx>
= (w/k)"‘( f ) g(x)djx>

il

= (k/w)( f [j g(x)dx).

Then
E/k) + (@/k) +- -+ (@K

1

1/w{fIl g(x)dx

+ flzg(x)dx +oeee

+ g(x)dx}
Iy |

l/wfwg(x)dx =g.
0

We may write

Pr(fi; = n;,fl, = ny, . . ., fx = ny)
= NV(n;'n,! . .. !N — n)E/K)MESK)™. ..
@K1 — ",

and consequently we have n; distributed marginally as
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Bi(N,g/k),j = 1,2,...,k. Alsonis Bi(N,g) and N —
n is distributed as Bi(N,1 — g). The parameters in the
distribution of n; are easily explained. Each of the N
animals in the transect strip may be thought of as a
separate, independent trial, with 1/k being the prob-
ability that an animal will be in I;, and g; being the
probability that an animal is observed, given that it
is in I;. Thus the probability that an animal contributes
to the count n; is (1/k)g; forj = 1,2, . . ., k. The prob-
ability that it goes undetected (or contributes to the
count N — n)is 1 — .

Now let & = [ — D)w/k + jw/k]/2 be the midpoint
of [;forj=1,2,...,k. By assumption,

g(&) = exp(b¢; + c£7), j=1,2,...,Kk,
and an estimate of g(¢)) is given by
— .
g&) =n/n,, j=1,2,...,Kk,

where it has been implicitly assumed that enough data
has been collected, or the grouping has been done in
such a way, that each cell count n; is nonzero. (This
simply gile\s a histogram-type estimate of g(x) scaled
so that g(0) = 1 = g(0). Recall that f(z) = g(z)/w.)

By assuming that each cell count n; is nonzero,
we are thus assured that we may form the quantity
log n; for each value of j. As the reader will notice,
this condition is needed in the steps that follow.

The model assumption can now be written as

log(ny/n) =bé; + c&2 + ¢, j=1,2,...,k,
where all €; are error terms. Because log(n,/n;) = 0,
we work with log(ny/n,) forj = 2,3, ..., k. The error

terms are assumed to have means of zero, but will
have nonindependent covariance and correlation
structure.

Let X be a strictly positive random variable whose
mean is w. Then log X may be expressed as

log X = log u + [(X — wiu] — [(X — w?2u?]
T IX = w3p?] = -

Using this expression we can obtain large sample (or
asymptotic) means, variances, and covariances of the
random variables log(ny/n,), j = 2, 3, ..., k. The rele-
vant results are listed below, where the approximation
g, = 1 has been used appropriately.

E(n) = Ngyk, 1 <j <k,
Var(ny) = Ng/k[1 - (8/K], 1 <j =<
Cov(n;,n) = —Ngg/k?, 1 <i#j=<
E(log n)) = log(Ngyk), I =j <k
Var(log n;) = (k/Ng)) — (I/N), 1<
Cov(log n,logn) = —I/N, 1 <i#j=<Kk,

k)
ks

<k,

Ellog(nyn,)] = log(g/g,) = log g;, 2 <j <k,

Varflog(n/n,)] = KN[(1I/g) + (1/g)]
= k/N[(1/g;)) + 1], 2=<j=<Kk,

Cov[log(ny/n,),log(ny/n,)] = k/Ng, = k/N, 2<i#j=<k.
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If we make the identifications Y; = log(nyn,) for
2=<j=<k, Y= Y;s...,Y),B=(0bc),e=
(€2, €3, . . ., €)', and define X to be the (k — 1) x 2
matrix whose jth row is (¢;1,&;11%), then we have the
linear model

Y=XB+e,

where € has (k — 1) by (k — 1) covariance matrix ¥.
Written out in full, the design matrix X is given by

& &°

& &°
xX=1. 1,

&k &C

and the covariance matrix ﬁ is

_ : _
K/N (T + 1) K/N K/N
g2
1
KN k/N(T+ 1) o KN
: = 23
k/N k/N k/N ! +1
| (gk ) B
It is evident that (N/K)E = A + [1', where
V& 0 -0
A= 0 1/85 0
0 0 /g,
and 1 = (1, 1, ..., 1) € R¥!, Using a result from

Rao (1965), we have
A+ 1IN =A"1T =0+ I'AT)TTATTTA,

and after some matrix operations we obtain an ex-
pression for the inverse of the covariance matrix ¥, as

_g_z_ . % _ 2,85 _ 828k
K127 K K2 &
_ g:8. _g_s[g__ggil L 238k
- 2 2
(_g->£_1 N .k k k ‘k
N :
_ kLo _ 8k8s o %[_g _&]
B k? k? k k1 |

(In the above derivation we have used g, = 1 and
g=(8 + & + -+ &k in the combined form g, +
gttt B=kE- 1)

If ¥ were known, standard linear models theory
(e.g., Graybill [1976]) would lead to the estimator
B = (X' X)'X'¥-'Y. The covariance matrix ¥ is
unknown, but can be estimated. One could take B, =
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n/ng, & = n/ng, . .., @k = ny/n,, and for &, use the
fact that kKE= 14+ 8, + -+ B, sothat kE = 1 + &,
4ot =14+ Mg+ +n)n, =14 —n)n =
n/n,, and so & = n/kn,.

Thus one has the estimator 3 = (X’E'IX)"‘X’}Z"’ Y.
It should be mentioned that &, < &, <--- < & implies
X has rank equal to 2. Actually &, < &; forces the first
two rows of X to be linearly independent. Thus
X’ﬁ"‘X is 2 X 2 and of rank 2, and hence is invertible.

Once [S’ = (b, &)’ has been obtained, our model then
yields an estimate of g(x) as

g/(ﬁ = exp(bx + ¢x?), 0<sx=<w.
Using this, we can get an estimate of the parameter

M = f g(x)dx by taking
0

A w A~
Uy = j exp(bx + ¢x?)dx.

0

After a few manipulations, we have

fw =V =(m/Sexp(—b2/4¢)
{®[V =2E(w + (b/28))] — (—Db/V—20)},

provided that ¢ < 0. Here ®(-) represents the stan-
dard normal cumulative distribution function. Finally,
we now have the estimates

N = nwf(0) = nw/4,,
and

D = N2Lw = nf(0)2L = n/2LAa,.

EXTENSIONS

There are several factors which contribute to the
variation of the estimates N and D, and one of these
is the condition that the covariance matrix £ is un-
known and hence must be estimated. The unknown
quantities in £ were 8, 8, . . ., B We now sug-
est several ways in which the weighting matrix 2 may
be ‘‘smoothed,” an operation which should reduce
the variation of the estimates N and D.

One possibility is to fit a quadratic polynomial to"

the original cell counts, that is, use ordinary least
squares and find vy,, y,, ¥, to minimize

K
S = 2 [0y = (yo + vi&5 + v2£DP.

Once v,, v, y: have been found, we ‘‘normalize’’
the quadratic y, + y,x + v,x* and take as our first-
stage estimate of g(x) the quadratic 1 + (y,/ygx +
(yalyo)x%, which clearly takes the value 1 as x = 0.
Then we can form (recall that & = midpoint of I)

2

8 = 1 + &(yilye) + E2(vo/v0)s

A

g = 1 + &(yilyo) + EC(yalyo)-
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These estimates of &, g, . . . , & then go into ¥ to
give i, and finally 8 = (X’ﬁ‘lX)"lX’}Z“lY as before.
The advantage here should be that § becomes less
variable.

A second method would be to smooth the cell
counts themselves before performing any analysis or
estimation. Let m,, m,, . . . , my be ‘‘smoothed’’ cell
counts, and let ny, ny, ..., n be the unsmoothed
counts. A typical smoothing operation would be to
define

40, + Yan,,

m,

Van, + Yan, + Y4n,,

Il

my

m; = Y4n, + Y4n; + Y3n,,
3

mg_; = 1/31'11(_2 + %nk_1 + %nk,
my = Yan,_, + ¥an,.

One could then regard m;, m,, . . . , my as the data, or
cell frequencies and base the estimation of 8 on these
smoothed counts. In general, smoothing results in re-
duced variation but increased bias.

DiscussioN

It may be argued that N and D are approximately
unbiased for large samples. Also, it is conceivable
that approximate variance expressions may be found
for the estimators N and D using the delta method
or Taylor’s Series method. However, the more funda-
mental method advocated by Burnham and Anderson
(1976), Overton (1969), and Eberhardt (1968), which
uses replication of transect lines would seem to be
more practical and should give reasonable results. For
an exact treatment of this method, see Burnham and
Anderson (1976).

LITERATURE CITED

Amman, G. D., and P. H. Baldwin. 1960. A comparison
of methods for censusing woodpeckers in spruce-fir forests
of Colorado. Ecology 41:699-706.

Anderson, D. R., and R. S. Pospahala. 1970. Correction
of bias in belt transect studies of immotile objects. J.
Wildl. Manage. 34:141-146.

Burnham, K. P., and D. R. Anderson. 1976. Mathematical
models for nonparametric inferences from line transect
data. Biometrics 32:325-336.

Eberhardt, L. L. 1968. A preliminary appraisal of line
transects. J. Wildl. Manage. 32:82-88.

Gates, C. E., W. H. Marshall, and D. P. Olson. 1968. Line
transect methods of estimating grouse population densities.
Biometrics 24:135-145.

Graybill, F. A. 1976. Theory and application of the linear
model. Wadsworth Publ. Co., Inc., Belmont, California.
704 p.

Overton, W. S. 1969. Estimating the number of animals
in wildlife populations. Pages 403-455 in R. H. Giles, Jr.,
editor. Wildlife management techniques. The Wildlife So-
ciety, Washington, D.C.

Rao, C. R. 1965. Linear statistical inference and its appli-
cations. John Wiley and Sons, Inc., New York. 522 p.



	Article Contents
	p. 190
	p. 191
	p. 192
	p. 193

	Issue Table of Contents
	Ecology, Vol. 59, No. 1 (Jan., 1978), pp. 1-205
	Front Matter
	A General Explanation for Insular Body Size Trends in Terrestrial Vertebrates [pp. 1-18]
	Human Disturbance and the Historical Development of Linsley Pond [pp. 19-36]
	A Simulation Model of Primary Production and Carbon Allocation in the Creosotebush (Larrea Tridentata [DC] COV.) [pp. 37-52]
	Transient Behavior and Life History Analysis of Teasel (Dipsacus Sylvestris Huds.) [pp. 53-66]
	The Measurement of Niche Overlap and Some Relatives [pp. 67-77]
	Energetics of Yellow-Bellied Marmot Populations [pp. 78-88]
	Microhabitats in a Forest-Floor Small Mammal Fauna [pp. 89-98]
	Metabolism, Critical Oxygen Tension, and Habitat Selection in Darters (Etheostoma) [pp. 99-107]
	Binary Discriminant Analysis: A New Method for Investigating Species-Environment Relationships [pp. 108-116]
	An Analysis of Species Dissimilarity Using Multiple Environmental Variables [pp. 117-125]
	Least-Squares Mapping Using Interpoint Distances [pp. 126-132]
	Comparative Demography of Pikas (Ochotona): Effect of Spatial and Temporal Age-Specific Mortality [pp. 133-139]
	Protozoan Density and the Coexistence of Protozoan Predators and Bacterial Prey [pp. 140-146]
	Brood Size and the Use of Time and Energy by the Phainopepla [pp. 147-153]
	Distribution and Production of Sago Pondweed (Potamogeton Pectinatus L.) on a Northern Prairie Marsh [pp. 154-160]
	Canopy Structure and Potential Light Competition in Two Adjacent Annual Plant Communities [pp. 161-167]
	Some Comments on the Measurement of Niche Metrics [pp. 168-174]
	The Weibull Distribution: A New Method of Summarizing Survivorship Data [pp. 175-179]
	Litter Decomposition in a Red Maple Woodlot Under Natural Conditions and Under Insecticide Treatment [pp. 180-184]
	Foraging in Seed-Harvester Ants Progonomyrmex SPP [pp. 185-189]
	A Log-Linear Model Approach to Estimation of Population Size Using the Line-Transect Sampling Method [pp. 190-193]
	Some Sampling Properties of the Fager Index for Recurrent Species Groups [pp. 194-196]
	Reviews
	Review: Mangals and Marshes [p. 197]
	Review: The Macro and Microscopic in African Ungulate Behavior and Ecology [pp. 197-199]
	Review: Spanish Ecology [pp. 199-200]
	Review: untitled [p. 200]
	Review: Industrial Pollution and Conservation in the USSR [pp. 201-202]
	Review: The How and Why of Air Pollution Control [pp. 202-203]
	Review: untitled [p. 203]
	Review: Books and Monographs Received for Review [pp. 204-205]

	Back Matter





